The main objective of this paper is to present an efficient method suitable for simulation of ultrasonic fields radiated through the layers with nonparallel boundaries. The proposed method enables fast calculation of an ultrasonic disk-shaped transducer field transmitted through parallel and nonparallel boundaries between layers. The proposed simulation method is based on transformation of a multilayered medium into a virtual one without internal boundaries, equivalent to the actual medium from the point of view of the relative times of arrival of direct and edge waves. Such an approach enables one to exploit the modified axially symmetric model and to simplify the computations essentially. The example of simulated fields is presented for the case of plastic materials.
Introduction
In ultrasonic measurement and nondestructive testing instruments, ultrasonic waves are very often radiated by a piezoelectric transducer through a layer with nonparallel boundaries, or a prism. This layer is used for wave mode transformation or protection from the aggressive medium in which measurements are performed.
When an ultrasonic wave is radiated through the layer with nonparallel boundaries, the structure of the ultrasonic field becomes complicated, because the ultrasonic wave at the boundary is refracted in one plane and not refracted in the orthogonal plane. Due to this the ultrasonic field is not axially symmetric. In general, calculation of such fields requires application of three-dimensional models.
Objective of this work was to present a method suitable for simulation of ultrasonic fields radiated through the layers with nonparallel boundaries and to analyse the structure of the fields in a transient mode. For this purpose the known model for calculation of the field of a single circular transducer in homogeneous media was extended to the case of multilayered media with nonparallel boundaries. The proposed simulation method is based on transformation of a multilayered medium into a virtual medium without internal boundaries equivalent to the actual one from the point of a view of the relative times of flight of direct and edge waves.
Generalized spatial pulse response function approach
Experimental observations of the pulsed field of a circular ultrasonic transducer were compared with the results of an ideal circular piston radiator calculated using the well-known diffraction model [1] . The analysis of experimental results showed that field point waveforms and transmitter-receiver mode responses are in reasonable agreement with theoretical results calculated assuming ideal piston behaviour of the transducer [1, 2] . These studies had also demonstrated the presence of the plane and edge waves in the radiated field [1] [2] [3] [4] [5] [6] . The whole surface of a piston generates a direct plane wave, which propagates in a cylindrical region having the piston at its base. From the edge of the transducer diffracted edge waves are radiated, which propagate in all directions.
The pulsed field of the circular transducer in homogeneous media can be calculated using a mathematical model based on the spatial pulse response approach [7] , that is, response of the transducer to excitation by a very short pulse. Typical waveforms of the spatial pulse response are given in Fig. 1 . It can be seen that a big part of energy is concentrated in three pulses. The first pulse corresponds to the arrival time of a plane wave from the surface of a transducer. The second and the third pulses correspond to the arrival times of edge waves from the nearest and farthest edges of the diskshaped transducer.
The main assumption of the proposed method is the following: after refraction at the boundary between two media the ultrasonic field consists both of plane and edge waves. This means that even after passing the boundary, the shape of the spatial pulse response remains the same as in the case of a homogeneous medium, only the delay time of spikes in the spatial pulse response are different.
It is quite complicated to simulate the propagation of an ultrasonic wave through the boundary between two media, because at the boundary the refraction and transformation of waves takes place. When the ultrasonic wave reaches the boundary, part of the wave is transmitted to the second medium and part of the wave is reflected. Which part of the energy is transmitted and which part is reflected, depends on the type of the transmitted wave, on the incidence angle, and on the acoustical properties of both media. The refraction angle of the wave is determined using Snell's law ( Fig. 2) :
where α k is the incidence angle, α l is the refraction angle, c 1 is the ultrasound velocity in the first medium, and c 2 is the ultrasound velocity in the second medium. The angle of reflection α a is equal to the angle of incidence α k (Fig. 2) . What types of waves will be generated (surface, leaky waves, etc.), when the wave passes the boundary, depends on the type of the incident wave, the incidence angle, and on the acoustical properties of both media. However, impact of the surface waves is not so big, and we are interested in ultrasonic field of the transducer in the far field zone, where the main influence is of longitudinal and share waves.
Calculating the path along which an acoustic ray propagates, it is assumed that each ray has to obey the Snell's and reflection laws. Usually these laws are applied to the plane waves, but after some assumptions it is possible to apply them also for other types of waves [8] . It has been assumed that the Snell's and reflection laws are valid for each ray, which is transmitted from any point of the transducer. If the trajectory of the ray from the point on the surface of the transducer to the point in the second medium has to be calculated, a point on the boundary between two media has to be found such that the angles of incidence, reflection, and refraction would satisfy the Snell's and reflection laws.
Ultrasonic field of the circular transducer, when the wave passes the nonparallel boundary between two media, is calculated in the following way:
(1) the time of flight t 0 of the plane wave from the surface of the transducer to the given point is calculated;
(2) the times of flight t 1 and t 2 of the edge waves to the given point are calculated; (3) an equivalent point in a virtual homogeneous medium, where the times of flight t 0 , t 1 , and t 2 are the same as in the medium with boundaries, is found; (4) using the modified algorithm, the spatial pressure pulse response for the equivalent point in the virtual homogeneous medium is calculated;
(5) acoustic pressure at the given point is found by means of convolution of the spatial pulse response and the driving signal.
Calculation of ultrasonic field

Calculation of the time of flight of the plane wave
The time of flight of the plane wave t 0 from the surface of the circular transducer to the given point P (x, z) is equal to the sum of the time of flight of the plane wave in the first medium t 01 and the time of flight of the plane wave in the second medium t 02 :
where r 01 is the distance that the ray propagates in the first medium, r 02 is the distance that the ray propagates in the second medium, c 1 is the ultrasound velocity in the first medium, and c 2 is the ultrasound velocity in the second medium. In order to find the distances that a plane wave has to pass in the first and the second medium, a point on the boundary between two media has to be found such that the ray would obey the Snell's law at this point. For that, the time of flight of the plane wave from the centre of the transducer to the given z coordinate t 0c has to be found (Fig. 3) :
where r 01c is the propagation path of the ray in the first medium, r 02c is the propagation path of the ray in the second medium. Please note that in Fig. 3 geometry of the problem is presented in the plane x0z. The delay of the wavefront t 0v to the point P (x, z) with respect to the central ray is
where ∆L 03 is the difference in distance that the ray has to propagate to the point P (x, z) with respect to the central ray. So, the time of flight of the plane wave to the given point P (x, z) is
Calculation of the times of flight of the edge waves t 1 , t 2
The times of flight of the edge waves t 1 and t 2 may be found in the following way (Fig. 4) :
where r 11 , r 21 are the distances that the edge wave propagates in the first medium, r 12 , r 22 are the distances that the edge wave propagates in the second medium.
In order to find the distances that the edge waves have to propagate in the first and the second medium, points P p1 (x p1 , z p1 ) and P p2 (x p2 , z p2 ) on the boundary between the two media have to be found such that the rays corresponding to the edge waves would obey the Snell's law at these points (Fig. 4) . The distances that the edge waves propagate in both media can be found using the following system of equations:
where α k1 , α k2 are the incidence angles of the edge wave to the second medium, α l1 , α l2 are the refraction angles of the edge waves. This system of equations has no analytical solution, therefore, the solution for parallel and nonparallel boundaries is found using numerical methods, shifting the points P p1 (x p1 , z p1 ) and P p2 (x p2 , z p2 ) on the boundary between two media until the given point obeys the Snell's law.
Determination of the equivalent point in a virtual homogeneous medium
In Fig. 5 (a) the real medium with boundaries is presented, where the times of flight are t 0 , t 1 , and t 2 . The equivalent point P e (x e , z e ) in the virtual homogeneous medium, where the times of flight t ′ 0 , t ′ 1 , and t ′ 2 are the same as in the medium with boundaries, is presented in Fig. 5(b) . Formulas for calculation of the ultrasound velocity in the virtual medium and for finding the equivalent point coordinates are derived using Fig. 6 .
In the direct beam zone (Fig. 6(a) ) the equivalent ultrasound velocity c e and the coordinates of the equivalent point P e (x e , z e ) in the virtual homogeneous medium can be expressed as
Outside the direct beam zone (Fig. 6(b) ) the equivalent ultrasound velocity c e and the coordinates of the equivalent point P e (x e , z e ) in the virtual homogeneous medium can be expressed as
x e = R + c e t 2 2 − t 2 0 ,
Calculation of the spatial pulse response for an equivalent point in the virtual homogeneous medium
The pulse response h(t) for the equivalent point in the virtual homogeneous medium, when x = x e , z = z e , is found by means of the mixed analyticalnumerical procedure presented in [9] . This approach enables one to simulate an ultrasonic field in two media separated by an interface. The input parameters for this model are the transducer diameter, the ultrasound velocities c 1 , c 2 , and the densities ρ 1 , ρ 2 corresponding to the first and the second medium.
The pulsed field of the transducer can be calculated using the mathematical model based on the spatial pulse response approach [7] . The spatial pressure pulse response of the disk transducer with radius R is given by the following expressions:
where ρ 0 is the density of the medium, c is the ultrasound velocity, t 0 is the delay time of the plane wave from the transducer surface to the point with coordinates (x, z), t 1 is the delay time of the edge wave from the nearest transducer edge to the point with coordinates (x, z), t 2 is the delay time of the edge wave from the farthest transducer edge to the point with coordinates (x, z).
Convolution of the spatial pulse response and the driving signal
The acoustic pressure at an arbitrary point (x, y) is found as convolution of the driving pulse u(t) and the spatial pulse response h(x, z, t): where k c is a constant factor and h(t) is the pulse response of a circular transducer, radiating through layers with nonparallel boundaries. The driving signal was approximated by
where a = k a f −2 ln 0.1/p s , b = 2p s /(3f ), p s is the number of periods, k a is the asymmetry factor, f is the frequency. Such a signal has a shape of a highfrequency (f = 5 MHz) pulse with the Gaussian envelope (Fig. 7) . Steepness of the front and back slopes of the pulse can be set separately selecting the corresponding value of k a . Simulation was carried out for a short pulse (p s = 1.5).
Simulation results
Calculations of the transient ultrasonic fields and waveforms in the time domain were performed for the plastic material-water structure with parallel and nonparallel boundaries between these two media (Fig. 8) . The thickness of the first layer (plastic material) at the central axis was assumed to be 10 mm. Calculations were performed for the two cases: when the boundary between the two media was parallel ( Fig. 8(a) ) and when the boundary had an inclination angle of 5 • (Fig. 8(b) ). The calculations were performed for the circular transducer of the radius R = 6 mm and with the frequency f = 2 MHz. The ultrasound velocity in the first layer (plastic material) was assumed to be c b = 2500 m/s, in the second layer (water) c = 1480 m/s. The calculated pressure field is presented in Fig. 9 as a spatial distribution of peak val- ues of the pressure p cs (x, z) = max t |p(x, z, t)|. For better understanding the presented field is normalized with respect to the maximum value of the pressure in the second medium. The simulated ultrasonic field of the transducer in the first medium (plastic material) and the second medium (water) in the case of parallel boundaries between the two media is presented in Fig. 9(a) . The circular ultrasonic transducer is located at z = 0, x = ±6 mm. The simulated ultrasonic field in the case of nonparallel boundaries between the two media is presented in Fig. 9(b) .
In the case of parallel boundaries the field possesses axial symmetry, therefore, the presented spatial field structure is the same in any plane passing through the axis of the transducer orthogonal to the surface of the transducer. In the case of nonparallel boundaries the ultrasonic field is shown in the plane passing through the axis of the transducer, and in which the inclination of the boundary is the largest. In this plane the largest refraction of the ultrasonic beam takes place (Fig. 9(b) ). 
Conclusions
In this paper the method for simulation of ultrasonic fields excited by circular transducers in media with nonparallel boundaries is presented. The proposed method enables fast calculation of an ultrasonic disktype transducer field transmitted through parallel and nonparallel boundaries between layers. The presented examples of the simulated fields illustrate influence of the nonparallel boundaries on the spatial structure of ultrasonic fields transmitted through such boundaries.
